Abstract: A method is proposed for reducing speed ripple of permanent magnet synchronous motors (PMSMs) controlled by space vector pulse width modulation (SVPWM). A flux graph and mathematics are used to analyze the speed ripple characteristics of the PMSM. Analysis indicates that the 6P (P refers to pole pairs of the PMSM) time harmonic of rotor mechanical speed is the main harmonic component in the SVPWM control PMSM system. To reduce PMSM speed ripple, harmonics are superposed on a SVPWM reference signal. A particle swarm optimization (PSO) algorithm is proposed to determine the optimal phase and multiplier coefficient of the superposed harmonics. The results of a Fourier decomposition and an optimized simulation model verified the accuracy of the analysis as well as the effectiveness of the speed ripple reduction methods, respectively.
Introduction
Permanent magnet synchronous motors (PMSMs) have been widely used in industrial automation and robotics because of their advantages of high power density and efficiency, high power factor, and maintenance-free operation [1, 2] . Because PMSMs cannot self-start, PMSM speed control is often adopted using frequency modulation. Hence, in industry, a PMSM and its drive inverter are used as a servo system. The control method of a servo system is discontinuous, which causes torque and speed fluctuation. In recent years, to improve the high-precision servo systems, many researchers have been studying the dynamic response of PMSMs, with their lower torque and speed fluctuation.
Research has also been done on the control method of PMSM high-precision servo systems. Direct torque control (DTC) and space vector pulse width modulation (SVPWM) are the most widely used methods. DTC has the advantage of a simple rapid response, but the torque ripple is relatively large. Some studies have been made on how to reduce DTC torque ripple [3] [4] [5] . SVPWM synthesizes a required space voltage vector through a complicated coordinate transformation process, which has smooth torque output, a wide speed range, high load capacity at low speed, and excellent starting performance. Therefore, an SVPWM control program is extensively used in high-precision power drive systems. Based on the parallelogram law, the SVPWM method synthesizes the required voltage vector by limited space vectors (six non-zero voltage vectors and two zero-voltage vectors), which makes the rotation loci of the space voltage vectors approximate a circle. In the discrete control system, the loci of the space voltage vectors are not a standard circle. In addition, in the amplitude of flux acting on the motor, some ripples are contained. Thus, the SVPWM control model will cause torque ripple and speed ripple.
Minimizing motor speed ripple, which is caused by torque ripple, is a goal of optimizing the speed control system. Not only analyzing torque ripple characteristics of PMSM under SVPWM control but also reducing torque ripple of the motor by optimizing the control method are the ways to achieve the goal of minimizing speed ripple.
Studies have focused on analyzing the torque ripple of the PMSM drive system. In [6] , the torque ripple includes electromotive force harmonics and cogging torque that are numerically investigated using the nonlinear finite element method. In that study, a concentrated winding motor was designed to compensate for the specific torque harmonics, whose components were identified with a Fourier fast transform (FFT) [6] . It was proposed that a sixth-order harmonic is the main cause of the higher torque ripples in flux-weakening control [6] . Jabbour et al. [7] proposed identifying the motor torque ripples by Fourier decomposition. The space vector modulation causes torque pulsations at six times the stator frequency [8] . However, few studies give specific frequency characteristics of torque ripple or speed ripple. In the present study, graphical and mathematical analysis obtain a relation between the frequency of speed ripple and the mechanical speed caused by the SVPWM control method.
In terms of reducing the torque ripple of a motor system, optimization of motor design and control methods are two major approaches. Common methods in motor design include optimizing permanent magnet shapes and using odd stator slot numbers [9] [10] [11] [12] . In addition, a rotor-shaping method with inverse cosine shape around each pole which was used to optimize the flux in the air gap can also reduce the torque ripple [13] . In another way, a new switching control strategy has been proposed based on a sliding mode observer, and tis strategy uses a 7-segment approach to reducing switch-state quantity changes during the voltage vector switching [14] . A self-learning method based on an artificial neural network for reducing the torque ripple of the system was given in [15] . Jabbour et al. [7] proposed compensating the motor torque ripples by injecting appropriate current reference signals into the controller. Injecting current into the quadrature axis is also used to compensate for torque ripple for the SVPWM control process of PMSM [16] . In [17] , first and third harmonics were injected to maximize the torque of five-phase permanent magnet synchronous machines. In [18] , the harmonic components of flux and current of a PMSM were compensated for by injecting the harmonic voltage, which counteracted and reduced the high-order harmonics of flux and distortion. In [19] , harmonic injected current was used to reduce torque ripple in an interior PMSM. In [20] , a hybrid SVPWM method was used to reduce PMSM torque ripple caused by traditional SVPWM control. In that study, current harmonics of a PMSM, originating from a voltage-source SVPWM method were analytically derived and expressed in both stator and rotor frames. Because torque ripple itself is relatively small under SVPWM control, speed ripple is small as well. However, in high-precision applications, any speed ripple is undesirable. Furthermore, the methods that performed well at reducing torque ripple in the above studies relied on the control model or motor parameters of the system.
In this study, the proposed method of reducing speed ripple was inspired by the development of active noise reduction technology. Based on our analysis of speed ripple characteristics caused by the SVPWM control model, speed ripple was reduced by injecting a harmonic into the speed reference signal. Particle swarm optimization (PSO) was used to determine the optimal superposed harmonic phase angle and multiplied coefficient, which are widely applied in electrical engineering, such as electric demand forecasting [21] , electric load forecasting [22] , and electrical machine fields [23] . The control parameters can be identified by the PSO to improve the dynamic characteristics of the electrical motor drive system [24] . The PSO algorithm was also used to research a multi-objective optimization for switched reluctance motor design [25] . This paper is organized as follows. Section 1 provides an introduction. Section 2 analyzes the characteristics of torque ripple caused by conventional SVPWM control. Section 3 proposes a superposition of a harmonic model to reduce torque ripple. Section 4 describes a PSO algorithm and its application in reducing speed ripple. Section 5 describes the simulation results. Finally, the conclusion verifies the correctness and accuracy of the proposed method.
Torque Ripple Characteristics Caused by Conventional Space Vector Pulse Width Modulation Control
The conventional SVPWM control model of PMSM is shown in Figure 1 . During the SVPWM control process, a required voltage vector is synthesized by a mentioned manner in [20] . At steady state, three locations of C, D ( DOC = π/6 ) and G in the first section S 1 are analyzed, where the amplitude of the synthesized voltage vector is equal to |OC| as shown in Figure 2 . ω is the rotational direction of the voltage vector. The action time of U 4 and U 6 are given in Table 1 , where T s is the modulation period of the SVPWM. 
When the synthesized voltage vector was located at the first sector S 1 , the stator flux of the PMSM in one SVPWM modulation period can be expressed in the Equation (1):
(1)
In the three locations of the synthesized voltage vector above, the 7-segment control strategy of the SVPWM should be used to ensure only one switch operation for each switch condition. At the positions of C, D and G, the switching state sequence is U 0 (000)-U 4 (100)-U 6 (110)-U 7 (111)-U 7 (111)-U 6 (110)-U 4 (100)-U 0 (000) at sector S 1 . The flux changes of the synthesized voltage vector in an SVPWM period at locations of C, D and G are shown in Equations (2)- (4), respectively. Neither of the zero-voltage vectors U 0 (000) and U 7 (111) in the process of action change the value of the flux. The loci of flux changes at locations C, D and G are shown in Figure 3 . When the synthesized voltage vector is located at C, the changes of flux within an SVPWM period can be expressed in Equation (2):
When the synthesized voltage vector is located at D ( DOC = π/6), the changes of flux within a SVPWM period can be expressed in Equation (3):
When the synthesized voltage vector is located at G, the changes of flux within an SVPWM period can be expressed in Equation (4):
As shown in Figure 3 , when the 7-segment switch control strategy was adopted, the loci of flux changes were 1-2-3-4-5. Correspondingly, when the 5-segment switch control strategy was adopted, the loci of flux changes were 1-2-7-6-5. In both the 7-segment and 5-segment switch control strategies, the largest flux changes occurred when the voltage vector was located at D.
The 7-segment control strategy is the one most widely used in the SVPWM control model. When 0 < DOC ≤ π/3, it means that the synthesized voltage vector is located at sector S 1 . After the action time of the voltage vector of U 4 reaches t 4 /2, the magnitude of the stator flux can be expressed as Equation (5):
Ignoring the small amount of second-order, Equation (5) can be rewritten as Equation (6):
where:
To obtain the greatest value of L 2 , the following condition should be satisfied:
It is obvious that:
It can be judged from the derivation results that when the θ = π/6, the maximum value of stator flux is obtained.
At the end of the action time of voltage vector U 6 , the magnitude of the flux can be expressed as Equation (10):
Ignoring the small amount of second-order, Equation (10) can be rewritten as Equation (11):
To obtain the greatest value of L 3 , the following condition should be satisfied:
It can be judged from the derivation results that θ = π/6, and the minimum value of stator flux is obtained.
From Equations (9) and (14), the greatest fluctuations of stator flux were present in the voltage vector located at the middle (θ = (2k − 1) × π/6, k = 1, 2, 3, 4, 5, 6) of the sector, and occur once in each sector.
In a PMSM, the electromagnetic torque can be expressed in Equation (15):
where T e is the electromagnetic torque of the motor, ψ f is the permanent-magnet flux, L s is the inductance of the motor, ψ s is the magnitude of flux generated by the stator current, and δ is the load angle of the motor. While the motor operated in a stable state, the changes of load angle δ were very small and can be ignored. Equation (15) shows that changes of torque are related to flux amplitude. In the section S 1 , as shown in graphical and mathematical analyses, the position of maximum is θ = π/6. According to the same method, the largest flux fluctuation amplitude occured while the voltage vector was located at the middle (θ = (2k − 1) × π/6, k = 1, 2, 3, 4, 5, 6) of the sector of each discrete PWM control period.
It can be obtained that the maximum flux fluctuation amplitude occurs six times in an electrical cycle. When the motor rotated in one mechanical cycle, the maximum flux fluctuation amplitude occurred 6P times (P refers to the pole pairs of PMSM). Thus, the main harmonic frequency of torque ripple was 6P times the rotor mechanical frequency with the SVPWM control mode. The amplitude of torque ripple will increase as PWM period increases.
A Harmonic Superposed Model to Reduce Speed Ripple
The traditional simplified SVPWM control model of a PMSM is shown in Figure 4 . Inspired by the development of active noise reduction technology, a harmonic injecting method can improve motor performance [17, 26] . Injecting superposed harmonics into the pole shape can reduce torque ripple of the motor during the design process [27] . The harmonic current injection method has been used to reduce motor torque ripple [28] . However, no literature has been found by the authors focusing on the reduction of torque ripple of a PMSM by changing the reference signals. This paper presents a new method to reduce speed ripple by injecting harmonics into the reference signal.
In a PMSM, the relation between torque and speed can be expressed in Equation (16):
where J is the moment of inertia, ω is the angular velocity, T e is the electromagnetic torque, and T L is the load torque. The speed ripple of the motor comes from the pulsating torque. In this paper, the focus is on reducing the speed ripple in the SVPWM control system of a PMSM. The rotational speed of PMSM in a non-optimized system can be a Fourier decomposition. The expression of decomposed speed is shown in Equation (17):
The difference between the results of a Fourier decomposition and the original reference signal can be obtained in a non-optimized system. The direct current (DC) component of the difference superposes reversely on the speed reference signal of the control system. Because delay is present in the control system, the main alternating current (AC) harmonic component of the difference needs the proper phase angle. To make sure that the speed output is as close as possible to a smooth straight line, a multiplier coefficient of the AC component should be selected properly as well. The optimized system model is shown in Figure 5 . 
The Particle Swarm Optimization Algorithm and Its Application in Reducing the Speed Ripple Control Model of Superposed Harmonics
The PSO algorithm was derived from the process of a foraging flock of birds. The basic idea of the algorithm is to find the optimal solution through collaboration and information sharing among groups. It was first proposed by Eberhart and Kennedy in 1995 [29] . In recent years, because of its simplicity and effectiveness in solving the optimization problem, it has had a wide range of applications. The initialization system groups random "particles" by finding the optimal value iteratively. In each iteration process, every "particle" updates its position and velocity, which depend on the global and local optimum value of the particle. The PSO algorithm terminates when it reaches optimum conditions or arrives at the maximum number of iterations. The procedure of the PSO algorithm is given shown in Figure 6 . In each iteration process, the rule by which every particle updates position and velocity is given in Equation (18):
where v(i + 1, :) and v(i, :) are the speed values of the particle velocity in the i + 1 and i steps, respectively, ω is inertia weight, c 1 and c 2 are the learning factors, x(i + 1, :) and x(i, :) are the positions of the particle in the i + 1 and i steps, respectively, rand 1 and rand 2 are two random numbers in the range [0, 1], p id is the best one of the solutions this particle has reached, and p gd is the best one of the solutions that all of the particles have reached.
In the proposed implementing process, speed ripple minimization is the final optimization goal. The optimized parameter is the phase angle and multiplier coefficient of the superposed harmonics in the reference signal. In the process, the variation range of the optimized phase angle is one period of the superposed harmonic. The initialization "particle" is a 10 × 2 random matrix; and multiplier coefficient and phase angle compose its first and second rows, respectively. The learning factors adopt empirical values as c 1 = c 2 = 2 originally.
In this paper, the main non-optimized harmonic component of the FFT result is taken as the superposed harmonic that is injected into the reference signal. Based on the analysis result in Section 2, the main harmonic component is the 6P harmonic of the mechanical speed. The expression of the superposed AC component is given as Equation (19):
where n av is the average speed of the non-optimized control system, k is the multiplier coefficient of the superposed harmonics, and ϕ is the phase angle of the superposed harmonics. The phase angle ϕ and the multiplier coefficient k of the superposed harmonics are the parameters to be optimized. The optimization goal is to minimize the square difference of speed. The optimized objective function is given as Equation (20) :
where N is the sampling number, and n set is the reference speed.
Simulation Results

The Non-Optimized Results
The SVPWM control simulation model of the PMSM was established in MATLAB software (R2011a, MathWorks, Natick, MA, USA). The control block of the non-optimized simulation model adopted the structure of Figure 1 . The parameters of the PMSM used in the simulation model are given in Table 2 . The reference speed of the simulation was 1000 r/min, and the load torques of the PMSM in the simulation model is 0 Nm, 2 Nm and 4 Nm. The simulation results show that when no harmonic was superposed on the reference signal to reduce the speed ripple, the actual speed of the PMSM and the FFT results of the actual speed were as shown in Figures 7 and 8 When the load torque of the PMSM was 0 Nm, the results of the PMSM speed with different periods of PWM were as shown in Figure 9 . As shown in Figure 7 , there were fluctuations and static error in the speed of rotation at both the no-load and the load conditions. As shown in Figure 8 , from the FFT results, the main harmonic component of the rotational speed ripple was 30 (6P = 30) times the harmonic. As shown in Figure 9 , the speed fluctuations varied with the change of PWM period: the smaller the period of PWM, the smaller the speed fluctuations obtained.
The Optimized Results
The PSO algorithm was used to determine the optimal phase angle and multiplier coefficient of the superposed harmonic to reduce speed ripple. The control block of the optimized simulation model adopted the structure shown in Figure 5 . Based on the FFT result of the non-optimized model, the main harmonic component of the rotational speed ripple was 6P harmonic. For the optimized model in Figure 5 , the components superposed to the reference signal include two parts of the DC section and the harmonic section. The value of the DC section is derived from the difference between the reference speed and the average value of measured speed. The function of the 6P harmonic is constructed in accordance with Equation (19) . The phase angle ϕ and the multiplier coefficient k in Equation (19) are the parameters to be optimized. In the simulation, the ranges of k and ϕ are set as [0, 10] and [0, 2π], separately. During the iterative process, the optimization program starts from the same rotor position after the motor reaching steady state. After the end of the PSO program, the minimum value of the Equation (20) is found. Thus, the optimized parameters of k and ϕ can be obtained.
The optimized result of the PMSM speed when the load torque was 0 Nm, 2 Nm and 4 Nm in Figures 10-12 , respectively. NOS, OS, NORS, and ORS represent non-optimized speed, optimized speed, non-optimized reference speed, and optimized reference speed, respectively. The comparison of the FFT results between non-optimized and optimized models was given in Figure 13 . These results were shown as the amplitudes of the harmonics. It can be seen from the optimized simulation results that the harmonic signal superposed on the speed reference signal significantly reduced the speed ripple and almost completely eliminated the static error. The amplitudes of the harmonics have a significant decrease.
The speed ripples were calculated using the following Equation (21):
where N n is the sampling number, and n av is the average value of the speed. A comparison of results between non-optimized and optimized models is shown in Table 3 . It can be observed from Table 3 that the differences between the optimized average speed and the reference value were all less than 0.05 r/min, whereas the load torques were 0 Nm, 2 Nm, and 4 Nm, and the value of speed ripples was reduced by 46%, 35%, and 23%, respectively.
Conclusions
A voltage source inverter is commonly adopted in the SVPWM control of a PMSM in a real control system. The SVPWM modulation scheme of the voltage vector will result in a speed ripple because of the discreteness of control. The proposed graphic and mathematical analysis method deduced the relationship between the frequency of speed ripple and the frequency of rotor mechanical speed. Analysis indicated that 6P times harmonics of the rotor mechanical speed is the main harmonic component in the SVPWM control system. A Fourier decomposition of speed was done in a simulation. The result verified the correctness of the analytical method. In this study, a harmonic superposed on the reference signal to reduce the speed ripple. Furthermore, the PSO algorithm is proposed to determine the optimal phase angle and multiplier coefficient. The optimized simulation model demonstrated the effectiveness of the proposed method. Speed ripple was decreased significantly.
